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Abstract 

In the study of the Type II superstring, it is useful to consider the BRST complex associated to the 
sum of two pure spinors. The cohomology of this complex is an infinite-dimensional vector space. 
It is also a finite-dimensional algebra over the algebra of functions of a single pure spinor. In this 
paper we study the multiplicative structure. 

The central object of the pure spinor formalism is the BRST operator Q, which involves nonlin- 
early constrained ghosts. For example, the Type IIB superstring uses two ghosts Ax, and Xr, which 
are spinors of so(10) satisfying the pure spinor constraint: 

(x L r m x L ) = (x R r m x R ) = o (i) 

Roughly speaking, the BRST structures are in one-to-one correspondence with SUGRA back- 
grounds. For a given background, the cohomology of Q describes its infinitesimal deformations. 
It was shown in [l], Q that the knowledge of the cohomology of the simplified differential — 
(Xl + X R )-gg where 6 is an odd spinor variable is useful for understanding the cohomology of Q. 

The cohomology groups of were calculated in [2,] as modules over the ring of polynomials 
of X^. Xfj. In the present paper we will study the multiplication of the cohomology classes, and 
calculate the cohomology as a ring. This allows us to simplify the description of cohomology. We can 
use the multiplication in cohomology to obtain information about cohomology of more complicated 
differentials. 

Let us consider the ring A — C[Al, Xr, 6] of polynomials depending of ten-dimensional even pure 
spinors Xl, Xr, and a ten-dimensional odd spinor 9. In other words, this means that the components 
Xl, Xr obey the pure spinor constraint |T]) and the components 9 a are free Grassmann variables. 

We define a differential acting on A by the formula: 

Q=( X l + X n)^ (2) 



'Corresponding author. 
Email address: rxuOucdavis . edu (Renjun Xu) 



This differential commutes with the multiplication by a polynomial of \l,\ r . Let R denote the 
ring of polynomials of Al and X R : 

R = C[\ L ,\ R ] (3) 

Then A is a DGA over R, i.e. a differential graded i?-algebra. The grading is introduced as the 
number of thetas (we will use the term ^-degree for this grading). As Q commutes with the elements 
of R, the cohomology H(A) can also be regarded as a graded -R-algebra. The natural action of 
so(10) on A induces a representation of so(10) on H{A). The permutation of Al and A/? commutes 
with the differential and therefore induces an involution on H(A). Our goal is to calculate H(A) 
with all of these structures. 

First of all we describe the elements that generate H(A) as a unital i?-algebra. This means that 
all cohomology classes can be obtained from them and the unit element by means of multiplication, 
addition and multiplication by a polynomial of Ar, X R . 

We prove that H (A) is generated by the cohomology classes of the following elements: 

<s> p = (a l - \ R )r p e , de g * p = i, (4) 

$ = [\ L r*6)(\ R T*6) , deg$ = 2, (5) 

* = (l - 1 ( A ^^)) (^T p o)(x R T^)(\ R r r 9)(er pqr e) - {r^l}, (7) 

deg * = 5 

Here -qj-^ stands for a formal differentiation with respect to Ah, without taking into account the 
pure spinor constraint. The second term in (J7) is obtained from the first one by interchanging L 
and R. 

Using the algebra generators we can write down elements that generate H(A) as an i?,-modulc. 
Namely, we should add to them the unit element of the algebra, 45 elements <& ab and 120 elements 
Qabc gj ven by formulas 

$ abc = $ a $ h $ c (9) 

In other words, all elements of H(A) can be obtained as linear combinations of l,$ p ,<£>, ^> a , ^P, 
$ ah , $ a&c with coefficients belonging to R = C[A l ,A_r]. The so(10)-action on H(A) is determined 
by the action on ring generators. The generators $ and VP are scalars; ten generators $ a as a vector 
V = [1,0,0,0,0]; sixteen generators ^ a transform according the dual spinor representation S* = 
[0, 0, 0, 1, 0]. It follows that $ ah transforms as A 2 V = [0, 1, 0, 0, 0] and <S> abc as A 3 V = [0, 0, 1, 0, 0] 

We can consider H(A) as a vector space, or as a representation of so(10). We can introduce an 
additional grading as the number of lambdas. We denote: 



H N ' g (A) the component of H(A) with A-grading (N — q) and ^-grading q. (Hence N stands 
for total number of lambdas and thetas.) 

H q (A) the component of H(A) consisting of elements of 0-degree q (i.e. the sum of H N ' q (A) 
over all possible N). 
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We can analyze the structure of H N ' q (A) as so(10)-representation. We obtain 



H N -° = [0,0, 0,0, JV] (10) 

H"* 1 = [1,0, 0,0, AT -2] (11) 

H N ' 2 = [0,1, 0,0, JV -4], when N^4 (12) 

H N > 3 = [0,0, 1,0, AT -6] (13) 

H N ' 4 = [0,0, 0,1, AT -7] (14) 

H N > 5 = [0,0, 0,0, AT -8] (15) 

When N = 4, there is one additional term, a scalar, in H 4 - 2 : 

H 4 ' 2 = [0, 0, 0, 0, 0] © [0, 1, 0, 0, 0] (16) 



Notice that the involution of H(A) corresponding to the interchange of Al and Ar acts as a 
multiplication by (— l) N ~ q on almost all elements of H N > q , the only exception being [0,0,0,0,0] 
in H 4 - 2 where it acts as the multiplication by —1. Sometimes it is more convenient to use the 
involution A^ — > — Ar, Ar — > — Al combining the interchange of lambdas and the sign change; the 
groups H N ' q with the exception of [0, 0, 0, 0, 0] in H 4 ' 2 are invariant with respect to this involution. 

The vector space spanned by the generators of the R- module to H q (A) will be denoted by W q ; 
this space carries a representation of so(10). This representation is irreducible in all cases except 
for q — 2. It is easy to check that: 

W 1 = H 2 ' 1 = [1,0,0,0,0], 

W 2 = H 4 ' 2 = [0, 0, 0, 0, 0] © [0, 1, 0, 0, 0] = w 2 + w 2 , 

W 3 = iJ 6 < 3 = [0,0,1,0,0], 

W 4 = H 7A = [0,0,0,1,0], 

W 5 = H s > 5 = [0,0,0,0,0]. 

Some elements of R act as zero on H{A). Namely, consider the ideal of R consisting of the 
polynomials of the form (Ag + Af j )P a (A L} Ar) where P a (A^, Ar) can be any polynomial. This ideal 
acts as zero on H(A), because: 

{At + A R )P a (A L , A R ) = Q (e a P a (A L ,A R )) (17) 

Let us denote R + the factorspace of R over this ideal. The degree k component R\ carries the 
representation [0, 0, 0, 0, k] of so(10). Geometrically, we can interpret R + as the algebra of functions 
of a single pure spinor. We see that H q (A) is actually an i? + -module. In other words, we have a 
map 

a : R% © W q -> H k+q+l< - q ^ q (18) 

where l(q) stands for the A-degree of W q . One can check that this map is surjective (moreover, for 
q = 2 this statement remains correct if W q=2 is replaced with Wf ; in fact i?^ >0 © W 2 C ker a). 
In other words, all cohomology classes can be obtained as linear combinations of generators with 
coefficients from R + . 

Using the above results we can find the bases of vector spaces H N ' q (A). For example, one can 
find the highest weight vectors of the representations acting on these spaces; then one can construct 
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a basis applying the operators corresponding to negative roots. The highest weight vector of H N,q 
can be obtained as a product of the highest weight vector of the fc-th graded component of the ring 
R+ and the highest weight vector of W q . (Here k = N — q — l(q).) For example, when q = 2, the 
highest weight vector of H N ' 2 can be obtained as a product of (A^ — A^)^ 4 and the vector $ x $ 2 
inW^.H 

Our results can be applied to the analysis of the cohomology of the differential Q c h that is 
obtained from Q adding the expression ((Al — \r)T p 9)-^. (This operator acts in the space of 
polynomial functions of A^, \r, 9 and x. One can consider instead of polynomials of x other classes 
of functions.) Using the notations above we can represent Q c h in the form 

Q* = Q + *>£. 

To calculate the cohomology of Q c h we can apply the spectral sequence of bicomplex (in more 
physical words, we can consider the second summand as a perturbation). The first approximation 
(the i?2-term of spectral sequence ) is given by the cohomology of the differential induced by the 
second summand on the cohomology of the first summand (on H(A) ® C[x\). To compute this 
differential we should calculate the product of <5 P with generators of modules H q (A). We obtain 

= (19) 
$ p $ = (20) 
$p$<z' _ §pqi (21) 

S** a ~I*,(A£-A£)* (23) 
= (24) 

We have not calculated the coefficients in (|2"2"|) and (|23p. 

We can calculate also the complete multiplication table of generators of H(A) considered as 
.R-module. 

Let us describe the way we obtained our results. Using the Macaulay2 package [§] we can 
calculate the number of generators of the i?-algebra H (A), the degrees of these generators, and the 
number of generators of the R- modules H k (A). We find that the i?-algebra H (A) is generated by 
28 elements (ten of degree 1, one of degree 2, sixteen of degree 4, and one of degree 5), the number 
of generators of H q {A) is equal to 195 (with one of degree 0, ten of degree 1, 46 of degree 2, 120 of 
degree 3, sixteen of degree 4, and one of degree 5). The calculation gives us also the Hilbert series 
of H(A) (the generating function of dimH N,q ); we obtain 

q=0 



1 Here we use a convention of choosing A 1 and (fr 1 ^ 2 as the highest weight vectors in spinor representation and in 
A 2 V respectively 
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where 

1 + 5r + 5t 2 + tq 3 

(I-TO) 11 

IOtq 2 + 34r 3 + 16r 4 
(1-ro) 11 

(46r 4 + 54t 5 + 66r 6 - 166t 7 + 330r 8 - 462t 9 + 462r 10 - 330r n 
+165r 12 - 55r 13 + llr 14 - r 15 )/(l - T ) n 
(120t 6 - 120r 7 + 330t 8 - 462r 9 + 462t 10 - 330r o n + 165r 12 
-55r 13 + llr 14 - r 15 )/(l - T ) n 
16t 7 + 34r 8 + IOtq 9 

(1-ro) 11 
V + SV + Sro^ + ro 11 

To find the decomposition of H N,q into direct sum of irreducible representations of so(10) we use 
the Lie code [4| that allows to find such a decomposition for the graded components A N ' q of A for 
small N, q. Applying Schur's lemma and the information about the Hilbert series we can find the 
action of the differential on the irreducible components of A N ' q ; this allows us to find the so(10)- 
action on H N ' q for small N,q. (We use a version of the "maximal propagation principle" 0] , Q in 
this consideration.) These results allow us toguess the representatives of the cohomology classes 
of generators. We can check our guess using [3j. 

Knowing the so(10)-action on H N ' q for small N, q we guess the so(10) representation for all N, q; 
we check our guess using the formula for the dimension of representation and the Hilbert series. To 
give a rigorous proof we can verify that the representation we guessed is embedded in H N,q . 

Acknowledgements We are indebted to N. Berkovits and M. Movshev for interesting discus- 
sions. 
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p i( T o) = 

^2 (r ) = 

P 3 (t q ) = 

Pi(r ) = 

P 5 (t q ) = 
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